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Résumé :
L’étude concerne l’apparition de la tri-dimensionnalité dans le sillage d’un cylindre. Nous effectuons une analyse linéaire
et des simulations pleinement non-linéaires et examinons les structures tridimensionnelles. L’analyse linéaire reproduit
les résultats connus. L’écoulement bi-dimensionnel devient instable pour des perturbations tri-dimensionnelles via une
bifurcation sous-critique qui donne naissance au mode A avec une longueur d’onde dans l’envergure de 4.02 diamètres
du cylindre au nombre de Reynolds de 189,5. L’écoulement de base bi-dimensionnel subit une bifurcation suivante au
nombre de Reynolds de 262 faisant apparaı̂tre un mode B avec une longueur d’onde de 0.83 diamètres.
Les nouveaux résultats indiquent une stabilité de la branche fortement non-linéaire de la bifurcation sous-critique loin
au dessous du seuil de l’instabilité linéaire. L’étude du comportement sous-critique nécessite une prise en compte de
grandes échelles sous-harmoniques. L’étude du mode B dans un contexte pleinement non-linéaire montre qu’aucune
nouvelle bifurcation ne semble donner naissance au mode B. Nous montrons la présence du mode B dès le nombre de
Reynolds de 190 dans une simulation avec une périodicité en envegure de 4d. Progressivement, le mode B domine le mode
A dans le sillage proche.
Abstract :
This study deals with onset of three dimensionality in the flow past a circular cylinder. Both linear analysis and non-linear
simulations have been performed and three dimensional patterns have been investigated. The linear analysis confirms
earlier results. The two dimensional flow behind a circular cylinder becomes unstable to three dimensional perturbations
through a subcritical bifurcation to an instability mode A with a spanwise wavelength of 4.02 cylinder diameter at a
Reynolds number 189.5. The two dimensional base flow undergoes a next bifurcation at a Reynolds number 262 with a
spanwise wavelength of 0.83 cylinder diameter giving rise to the B mode.
The new results show the strongly non-linear branch of the subcritical bifurcation to be stable well below the linear
instability threshold. A reliable investigation of the sub-critical behaviour necessitates to account for large spanwise sub-




in a simulation with spanwise periodicity of  . It progressively dominates the A mode in the near
wake.
Mots clefs : cylinder wake, onset of three-dimensionality, non-linear effects
1 Introduction
Since many decades, the flow behind a circular cylinder has been a subject of great interest for researchers
and engineers because of its applications in many fields. The works by Williamson [1], [2], [3], [4], Thompson
et al. [5], [6], [7], [8] and Barkley & Henderson [9] are those who provided, experimentally and numerically,
worthy results shedding light on the three dimensional instabilities in the wake of a circular cylinder. The two
modes of three dimensional instabilities were first observed experimentally by Williamson [1], [2], Miller &
Williamson [10] and Leweke & Williamson[11] and are named mode A and mode B instabilities. The mode
A vortex shedding appears at a Reynolds number of approximately  and has a spanwise wavelength of
approximately  , where  is the cylinder diameter. The spanwise wavelength of mode A decreases from 
to  as the Reynolds number increases. The mode B is found to appear at a Reynolds number  , having a
spanwise wavelength equal to one cylinder diameter. At Reynolds number  the mode A is strong and mode
B is weak. With the increase of Reynolds number beyond  the redistribution of energy takes place between
the modes and the mode B becomes dominant at the Reynolds number of  . Zhang et al. [12] found another
mode (different from modes A and B) in the flow behind an infinite bar. It is named as mode C instability. To
produce mode C, authors perturbed the flow on one side of the wake of a circular cylinder by placing a tiny
wire close to a circular cylinder which in turn leads to a subharmonic mode with a spanwise wavelength in
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between the spanwise wavelengths of modes A and B.
The advent of high performance computers and advances in CFD software has made DNS of transition in
the wake a more practical and result oriented approach. To authors’ knowledge, the first ever numerical com-
putations to study the  D-turbulence in the wake of a circular cylinder were carried out by Karniadakis &
Triantafyllou [13] and Tomboulides, Karniadakis & Triantafyllou [14]. For  , they found numerically
that the wake becomes unstable to three dimensional perturbations and reported a period doubling bifurcation
at  ! . Barkely and Henderson [9] applied a Floquet linear stability analysis for a range of Reynolds
numbers "$#% . They reported two discontinuities in the plot of Strouhal number versus Reynolds num-
ber. These discontinuities correspond to two three dimensional instabilities. At first, the two dimensional wake
becomes unstable to a three dimensional perturbation at a Reynolds number &&('*) , known as mode A insta-
bility. The spanwise wavelength of this mode is found to be ('* . At +! , the two dimensional flow
experiences a second instability referred to as the mode B instability with a spanwise wavelength of ,'*& .
These results are in good agreement with the experimental results obtained by Miller & Williamson [10] and
Williamson [1]. Henderson and Barkely [15] further examined the three dimensional instability performing  D-
simulations near its critical Reynolds number obtained by the linear analysis, calculated the Landau constant
and showed that the instability is subcritical. A significant amount of related work concerns also a square
cylinder and a torus, a summary of these results goes, however, beyond the scope of this communication.
Inspite of the very significant amount of available bibliography the non-linear effects remain incompletely
explored. Namely the onset of the B mode has been investigated only with respect to the  D base flow while,
in experiments, it appears in a fully developed  D flow dominated by the A mode. Also the subcritical nature
of the bifurcation yielding the A mode has been evidenced only for a single fundamental wave number. The
primary purpose of this work is to study more deeply the three dimensional instabilities in the wake of circular
cylinder within a fully non-linear framework.
2 Problem Formulation
The governing equations are incompressible unsteady Navier-Stokes equations. In non-dimensional form, the
equations of conservation of mass and momentum are given by
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The Reynolds number, ACBEDF , is the only parameter on which the system of equations depends. Here G
is the free stream velocity,  is diameter of the circular cylinder and H is the kinematic velocity. To simulate
the infinite configuration, a torus of large radius of ) is placed in a flow flowing in a direction parallel to
the axis of torus. The value of the torus radius was obtained by testing the equality of the Strouhal number
of an axisymmetric and of a  D computation at  ! . The governing equations are discretized using a
combined spectral, spectral element method. The axial-radial ( IKJ ) -plane is decomposed by spectral element
decomposition and spanwise ( L )-direction is discretized with a spectral Fourier discretization. The computatio-
nal IKJ -domain consists of & elements and the center of the cylinder is placed at the origin. The torus axis lies
far off the computational domain which extends  cylinder diameters across, in the J (transverse) direction.
No slip conditions are applied on the cylinder surface. Uniform velocity conditions ( M9N3PO+,3PQRS ) are
imposed at the upstream boundary and Neumann boundary conditions are applied at the down-stream border
and at the lateral sides of the computational domain.
3 Results and discussion
3.1 Marginal stability curve and strongly non-linear effects at the threshold of
the onset of three-dimensionality
First of all, to validate the code, a number of direct numerical simulations for the  D base flow has been per-
formed for a range of Reynolds number 1T#U) . The non-dimensional vortex shedding frequency V 5 (called
Strouhal number V 5 XWY,Z[G ) was calculated and compared to bibliographic results. A perfect agreement
was obtained with  collocation points per spatial direction in the spectral elements. To capture the threshold
for mode A instability through linear analysis, direct  D numerical simulations were performed for Reynolds
numbers &('*)(3,3,31'1''3\ for different wave numbers and growth rates of small exponentially growing
perturbations were extracted. For these investigations the spanwise azimuthal discretization can be limited to
just two modes : ]^_,3 . For each considered Reynolds number, the spanwise wave number was varied
to obtain the marginal stability curve in the Reynolds – wave-length plane. Wave-lengths corresponding to a
zero growth rate are obtained by linear interpolation between two close values. The obtained marginal stability
curve is shown in fig. 1. It yields a critical Reynolds number &('*) and critical spanwise wavelength `'a
which is in good agreement with Barkley & Henderson[9].
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FIG. 1 – Linear marginal stability curve of the present study (solid red line), that of [9] (blue dashed line) and the limit of
the subcritical strongly non-linear state (full blue line). The red marginal stability curve yields a critical Reynolds number
of 189.5 and a critical spanwise wavelength of 4.02  .
In order to investigate the hysteresis, i.e. the limits of existence of strongly non-linear oscillations in the subcri-
tical domain of the marginal stability curve we carried out fully  D direct numerical simulations with spanwise
periodicity 8 ('b[(3\('*(3P`'b[ and )('* ; for a range of Reynolds numbers c#U . The critical Reynolds num-
bers defining the ’rim’ of the strongly non-linear surface were obtained by decreasing the Reynolds number
until the oscillations started to decay to zero. The corresponding marginal stability curve of the non-linear sub-
critical state is also plotted in figure 1 (full blue line). The gap between the blue and the red line represents the
width of the hysteresis interval. E.g. at the wavelength equal to  , the gap lies between d/& and &('*) in
good agreement with [15]. The question is how to interpret the fact that for a given Reynolds number, say 185,
there is no upper wavelength limit.
To answer this question we performed non-linear computations with increasing spanwise periodicity of & , 
and  at @!&) . The result for the forced spanwise periodicity of  is shown in figures 2 and 3. Fig.
2 shows the ’spectrum’ of azimuthal modes of the simulation. The norms 8Pegf 0ih f ?Yj  j kL ;\lnm ? of computed
azimuthal harmonics ]opq'1'1'\[& are represented. ]rp corresponds to the wavelength of  , the initial
spanwise period of  corresponds to ]st& . While the initial condition of the simulation had a spanwise
wavelength of  , fig. 2 shows that non-linear subharmonic couplings shift the corresponding peak to ]_Nu
i.e. to a spanwise wavelength of `'* . Moreover, the fundamental mode ]sv is dominant though it was
only weakly forced in the initial condition. This means that the solution is strongly modulated with the largest
’available’ wavelength. This is seen in fig. 3 where isosurfaces of spanwise velocity (component absent in  D)
are represented. The ’fine’ structures have a u spanwise periods. They correspond to the A-mode discussed
below. They are strongly modulated over the whole represented spanwise length of  . This probably explains
why end effects are so important in experimental configurations. However, if abstraction is made of the large
scale modulation and of the shift of the wavelength due to subharmonic couplings, the flow remains roughly
periodic with the spanwise wavelength predicted by the linear analysis.
3.2 A- and B-mode in non-linear simulations
Whereas the thresholds of A- and B-mode are very distant in linear analysis of the  D base flow, in non-linear
simulations the B-mode is known to dominate the flow well below w . To investigate the transition from
an A-mode dominated to a B-mode dominated flow we performed simulations with the ’short’ spanwise per-
iodicity obtained by linear analysis at xy,3\,) and ) . The most amplified wavelengths are `'a`3\('*
and ('*& respectively. At U_ only structures characteristic of A-mode represented already in Fig. 3
are visible. At z{) the flow is already highly chaotic. As can be seen, it is dominated by structures
of much shorter spanwise length (with  spanwise periods along one period of A-mode at the same regime).
The A-mode just slightly modulates the B-mode in the close wake. However, it still dominates in a far wake
beyond UR (not represented in the figure). At a Reynolds number as close to the threshold of the onset of
A-mode as dR,) the B-mode is already visible (small blobs close to the middle of the cylindrical section
and fine filaments in the right of the plot). Because the B-mode appears as an exact 4th spanwise harmonic of
the A-mode it can be assumed that it is excited by non-linearities since the very threshold of the onset of the
A-mode but, that at low Reynolds numbers, it is only weak and difficult to detect.
An accurate analysis of the presence of the B-mode can take advantage of the different symmetries of the
A- and B-mode [2, 4]. The easiest way to track the onset of the B-mode is to analyze the symmetry of the
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FIG. 2 – Logs of norms 8ne|f 0ih f ?Yj  j kL ;\lnm ? for a computation with spanwise periodicity of  for ]}
31'1'1'~[& .
spanwise Fourier mode corresponding to one fourth of the wavelength of the A-mode. This is done by running
simulations on our large torus with the spanwise periodicity corresponding to the A-mode and by analyzing the
4th mode of the azimuthal decomposition. To get the transverse symmetry characteristic of the pure A-mode
the 4th azimuthal harmonic of a small, exponentially growing A-mode at  _ has been analyzed and
its transverse velocity profile has been represented (upper left figure 5). It is clearly symmetric with respect to
zero, i.e. to the plane defined by the inflow velocity and the cylinder axis. The pure linear B-mode is represented
in the upper right figure 5. The transverse velocity profile of the B-mode is anti-symmetric. The analysis of
the strongly non-linear states is complicated by their chaotic behaviour. To obtain a time-independent spatial
characterization, a time average of the time-Fourier projection onto the dominant frequency is taken over a large
number of dominant periods (concretely 24). ’Instantaneous’ profiles of the so obtained periodic velocity are
represented. For the saturated state at  , the transverse profile of the transverse velocity is represented
in the lower left figure 5. The same profile at g is plotted in the lower middle figure 5. The lower
right figure represents the transverse velocity profile at v,) . All the plots are taken at the station 3
diameters downstream of the cylinder axis. All the three profiles in the lower line of plots are non-symmetric.
At d/ and w the asymmetry is weak but clearly existent. The small asymmetry can be attributed
to a weak presence of the B-mode. At d,) the profile is almost anti-symmetric, which indicates that the
B-mode starts to dominate this Fourier mode although it does not yet dominate the total flow (middle plot 4).
4 Conclusion
In spite of a large amount of bibliographic data available, several fundamental questions concerning the onset
of three-dimensionality in the wake of an infinite cylinder remain unanswered. In particular, little attention has
been paid to the link between the linear theory and the fully non-linear behavior of the wake. It appears that
the non-linear effects at the onset of three-dimensionality are extremely strong. As a result, the linear marginal
stability curve is radically modified by the non-linear effects of the subcritical bifurcation. It allows for larger
wavelengths than its linear counterpart. Because of the basically infinite or, in practical applications at least
large, spanwise length of the cylinder, the presence of the large wavelengths has to be accounted for. The found
trend seems to indicate a very strong sensitivity to the largest spanwise scales, physically possible or accounted
for. Even if these largest scales are ignored as configuration dependent, there still remains an upward non-linear
shift of the A-mode wavelength evidenced in Sec. 3.1. In the same way, the hysteretic sub-critical behaviour
has to be investigated fully with account of all significant subharmonic spanwise wavelengths because the non-
linear marginal stability curve presented in Figure 1 does not account for non-linear sub-harmonic couplings.
The issue consists in finding the lower Reynolds number limit of the subcritical non-linear state. This limit is
to be expected at @/& according to experimental work of Williamson [2]. This relatively costly study is
presently under way. Little attention has also been paid to the onset of chaos. Chaos is observed to set in already
on the non-linear sub-critical branch of the bifurcation yielding the three-dimensionality. The investigation of
its onset requires a fine study at subcritical Reynolds numbers. So obtained, more complete, picture of the
transition to three-dimensionally of wakes of cylindrical objects may help to avoid errors in exploiting linear
results for simplification of fully three-dimensional simulations.
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FIG. 3 – Spanwise velocity isosurfaces at the levels of & % of inflow velocity of the solution with spanwise
period  at d&) .
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FIG. 4 – Wake structure reperesented by isosurfaces of spanwise velocity at x& % of inflow velocity at (from
left to right) /,3\,) and ) . The spanwise periods are `'a`3\('* and ('*& , respectively.
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FIG. 5 – Transverse profiles of the transverse velocity component of the spanwise Fourier mode corresponding
to 1/4 of the wavelength of the A-mode. Upper figures : left - pure linear A-mode, right - pure linear B-mode.
Lower figures : averaged profiles of the non-linear states at w (left), w (middle) and ,)
(right).
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